Given two perceived magnitudes of a single kind of sensory attribute, A and B, the operation of bisection is the selection of the perceived magnitude of this attribute, C, that differs from A as much as it differs from B (Plateau, 1872). With M A , M B , and M C denoting the measures of A, B, and C, respectively, Pfanzagl (1959) proposed that
, it is believed that any sufficiently large sensory interval can be successively bisected into equal intervals, any one of which can be used as the unit of sensory measurement (Cross, 1964; Fagot, 1961; Gage, 1934a; Newman, Volkmann, & Stevens, 1937; Torgerson, 1958) .
Previous Tests
Let M denote any sensory measure and let F denote the respective physical measure. An F with subscripts denotes the physical measure relative to an M with equal subscripts. One can test the equalities in Equation 12 by testing the equalities
and can test the equality in Equation 18 by testing the equality
when the same single process of information transformation generates each of the perceived magnitudes in the bisections defined by Equations 2-10 and Equations 13-16-that is, when the same single psychophysical function represents this transformation. 1 In this case, when the measures in Equation 12 or Equation 18 are equal, the respective physical stimulus measures also are equal (Equation 20 or Equation 21). Using 1 participant, Cross (1964) found that F 1234 F 1324 . Heller (2001) confirmed this result in 9 of 12 participants. With bisections produced by varying C in ascending order, Gage (1934a Gage ( , 1934b found that F 112122 F 12 in all participants. With unconstrained variation of C and with A, B, and C presented in counterbalanced orders, Newman et al. (1937) , Tommasi (1999) , and Wolff (1935) found that F 112122 F 12 in all participants. Fagot and Stewart (1970) confirmed this result in 1 of 4 participants. Heller (2001) and Fagot and Stewart (1970) had participants bisect brightness intervals, using three light stimuli presented simultaneously. Marks (1974, p. 252) noted that simultaneous light stimuli may involve differential effects of brightness contrast. For example, F 12 is associated with F 1 and F 2 when it produces M 12 (Equation 2) and is associated with F 1234 and F 34 when it reproduces M 12 (Equation 8). The brightness contrast due to F 1 and F 2 may differ from that due to F 1234 and F 34 (Leibowitz, Mote, & Thurlow, 1953; Zavagno, Annan, & Caputo, 2004 Inspection of Table 2 shows individual differences. Such individual differences are expected to occur even when w .5, since the exponents of the psychophysical power function for circle size (Griffin, 1985; Rule, 1966) and brightness (Marks & Stevens, 1966) differ individually. That is, with F 1 , F 2 , F 3 , and F 4 being the same for each participant, different exponents involve that F 1234 , F 1324 , and F 1423 differ individually if bisections produce equidifferent perceived magnitudes (w .5).
Insufficiency of the bisymmetry and Gage conditions. The bisection operation empirically satisfied the equalities in Equation 12 (w .5). Given this result, this operation is believed to produce equal sensory intervals (Coombs et al., 1970; Cross, 1964; Fagot, 1961; Fagot & Stewart, 1970; Falmagne, 1974; Gage, 1934a; Kristof, 1968; Newman et al., 1937; Pfanzagl, 1971; Raslear, the other 2. For each of these two sets of 2 bisections, Stimulus 2 was initially equal to Stimulus 1 for 1 bisection and to Stimulus 3 for the other. The resulting 24 bisections were made in random order.
For each of the mentioned six combinations of F 1 , F 2 , F 3 , and F 4 , the mean of the respective four physical measures of Stimulus 2 was calculated. These means were F 12 , F 34 , F 13 , F 24 , F 14 , and F 23 (Equations 2-7). Using the counterbalancing conditions previously described, the participant made 4 bisections for F 12 and F 34 , 4 for F 13 and F 24 , and 4 for F 14 and F 23 , producing the mean physical measures of Stimulus 2, F 1234 , F 1324 , and F 1423 (Equations 8-10). These 12 bisections were made in random order. The total of 36 bisections were carried out with no noticeable interruption between bisections.
Results and Discussion
For size and brightness, 
with c 0 and c 1 constant. For example, one deduces that the psychological law is additive when the factorial curves are parallel and that this law is multiplicative when the factorial curves fan out as M X increases. 4 A basic question is whether the response function is linear. Thurstone (1929) found that end effects and relative stimulus frequency may bias ratings. Different classes of empirical evidence show that the response function is linear when one removes end effects by using two end anchors and the frequency effect by using graphic rating or numerical rating with a large number of response categories (Anderson, 1982; Parducci, 1982) . A summary of nine of these classes of evidence is provided in Anderson (1996, pp. 94-98) . Here, we exemplify the class of evidence that the linearity of the response function agrees with physical law (Anderson, 1983) .
Two laws of physical friction apply to a flat object sliding on a horizontal board. Suppose the object and board are covered with sandpaper. One law is additive. It states that, for each combination of fixed grit numbers of the sandpapers of the object and board, the minimum physical force necessary to slide the object on the board depends additively on the two grit numbers. The other law is multiplicative. It states that this minimum force depends multiplicatively on the friction coefficient and the weight of the object. It is assumed that participants know both of these laws intuitively from extensive experience in the physical world. Corneli and Vicovaro (2007) tested the additive law as follows. With the grit numbers of the object and board varied factorially, participants rated the amount of friction of the object on the board after they had felt with their fingers how rough the surfaces of the object and board were. If the response function is linear, the factorial curves relating rated friction to grit number of the object for each grit number of the board must be parallel. This prediction was confirmed empirically. Corneli and Vicovaro (2007) tested the multiplicative law as follows. With the weight of the object and the grit number of the board varied factorially, the participants rated the amount of friction of the object on the board after they had hefted the object and felt how rough the surface of the board was. If the response function is linear, the factorial curves relating rated friction to object weight for each grit number of board must form a linear fan of curves. This prediction was also confirmed empirically. (Cross, 1964) . Since the bisection operation is compatible with each of the means encoded in Equation 22, 3 the testing of the bisymmetry condition does not allow determining which mean describes the actual bisection operation. At this stage of the inquiry, this conclusion indicates that this determination requires information external to the bisection operation.
EXPERIMENT 2
Previous tests. Carterette and Anderson (1979) and Weiss (1975) Linearity of the response function. Thus, information external to the bisection operation is needed to determine whether a linear or a nonlinear weighted mean adequately describes this operation. Research using functional measurement has provided such external information in the finding that ratings are linear sensory measures (Anderson, 1962 (Anderson, , 1974 (Anderson, , 1981 (Anderson, , 1982 (Anderson, , 1996 (Anderson, , 2001 (Anderson, , 2007 (Anderson, , 2008 Weiss, 2006) . Before we proceed, we will provide a brief overview of this method of measurement.
Functional measurement allows determining the mathematical form of psychological laws by a factorial experimental design combined with a method of subjective evaluation applied to a single dependent factor. Consider a psychological law in which two independent factors determine a dependent factor. Let M Z be the measure of the dependent factor and M X and M Y those of the independent factors. For each factorial combination of M X and M Y , the participant subjectively evaluates the dependent factor. Typically, this evaluation is a rating, R Z . One factorial curve relates R Z to M X for each M Y .
The response function relates R Z to M Z . This function and the psychological law determine the pattern of facto-Stimuli and Procedure for Group 2. In Session 1, the participant bisected brightness intervals. The bisection procedure, the stimuli, and the stimulus presentation and counterbalancing conditions were the same as those used for Session 2 of Experiment 1, with the following exceptions. The luminance for Stimulus 1, F A , was 4, 10, 20, or 34 cd/m 2 , and that for Stimulus 3, F B , was 7, 15, 27, or 43 cd/ m 2 . When F A F B , Stimuli 1 and 3 were switched in position so that the luminance of the left square was less than that of the right square on all trials. Each F A was combined with each F B . For each of these 16 combinations, the participant made four bisections, each producing one luminance of Stimulus 2. The mean of these four luminances was F C .
In Session 2, the participant rated each of the brightnesses corresponding to F A , F B , and F C . The series of these 24 brightnesses was presented five times consecutively, each time with brightnesses in random order. Stimuli 1-3 were presented with the same presentation conditions as those in the first session. Stimuli 1 and 2 were the end anchors. Their luminance was 1.4 and 70 cd/m 2 , respectively. The luminance of Stimulus 3 was F A , F B , or F C . The participant rated the brightness of Stimulus 3 using the integers from 1 to 100, with 1 being the rating for the dimmest anchor and 100 that for the brightest anchor.
Results and Discussion
In Figure 1 , the left diagram reports mean rated size R C plotted against mean rated size R A for each mean rated size R B . Factorial curves were practically parallel straight lines, as predicted by Equation 38. This result empirically demonstrates that a linear mean adequately describes the bisection operation. The interaction and its components were not significant [F(9,81) 0.8 and Fs(1,9) 0.07-2.2, respectively].
In Figure 1 , the right diagram reports mean rated brightness R C plotted against mean rated brightness R A for each mean rated brightness R B . Factorial curves were practically parallel. The agreement with Equation 38 was partial, since factorial curves were slightly curved. The interaction was not significant [F(9,81) 1.6]. The quadratic-quadratic component of the interaction was significant [F(1,9) 7.4, p .05], with none of the rethat these curves are nonlinear and nonparallel. The following experiment served to test these predictions.
Let R be the mean rating R A , R B , or R C of A, B, or C, and let M be the corresponding measure M A , M B , or M C , respectively. Since R c 0 c 1 M, Equation 1 implies
and Equation 
Equation 38 predicts that the curves relating R C to R A for each fixed R B are parallel straight lines, and Equation 39 predicts that these curves are nonlinear and nonparallel.
Method
Participants. Twenty undergraduate university students participated for pay. They were not informed about the purpose of the experiment. None of them had participated in Experiment 1. Two different groups of 10 participants were formed, Groups 1 and 2. There were two sessions for each group, Sessions 1 and 2. Session 1 preceded Session 2.
Stimuli and Procedure for Group 1. In Session 1, the participant bisected intervals of perceived size. The bisection procedure, the stimuli, and the stimulus presentation and counterbalancing conditions were the same as those used for Session 1 of Experiment 1, with the following exceptions. The area for Stimulus 1, F A , was 4.34, 17.35, 70.88, or 283.53 cm 2 , and that for Stimulus 3, F B , was 1.04, 9.90, 39.59, or 159.48 cm 2 . Each F A was combined with each F B . For each of these 16 combinations, the participant made four bisections, each producing one area of Stimulus 2. The mean of these four areas was F C .
In Session 2, the participant rated the circle sizes corresponding to F A , F B , and F C . The series of these 24 sizes was presented five times consecutively, each time with sizes in random order. Stimuli 1-3 were presented with the same presentation conditions as those in the first session. Stimulus 4 was not presented. Stimuli 1 and 2 were used as end anchors. Their area was 0.05 and 401 cm 2 , respectively. The area of Stimulus 3 was F A , F B , or F C . The participant rated the size of Stimulus 3 using the integers from 1 to 100, with 1 defined as the rating for the smaller anchor and 100 as that for the larger anchor. standard error of R. The curve is a least-squares fourthdegree polynomial. The quartic trend of R was significant [F(1,26) Ratings should not have caused the quartic trend of R, since ratings of brightness increase monotonically with luminance in the range of luminances used in the present study (Marks, 1968) . Plausibly, this trend shows that w varied with the two terminal brightnesses used for the bisection. The results indicate that w was larger than .5 when both of these brightnesses were extreme. This effect was larger when the terminal brightnesses were largest. Accordingly, after removal from the analysis of the cases corresponding to M 8 and M 9 , the linear trend of R was significant, with higher order trends not reaching significance [F(1, 26) 241, p .001, and Fs(1, respectively] .
The test of Gage's condition was insensitive to small changes in the spacing of brightnesses. Deviations of w from .5 were too small to make F 5 statistically different from F 5 . The analysis of the trend of R revealed small changes in the spacing of brightnesses, since it involved the comparison of several means, rather than of only two means, as in the test of Gage's condition.
In Figure 2 , the results show that w was very close to .5 in the bisections defined by Equation 40. Thus, this equation essentially states that
Assuming that the psychophysical function is described by the power function
with a, b, and n constant, Equations 48 and 49 imply 
EXPERIMENT 3
Let M 1 and M 9 denote the measures of the terminal brightnesses of a large brightness interval. The participant was asked to make the bisections defined by the equations
Equation 43 defines the bisection needed to test Gage's condition. The brightnesses resulting from the bisections were subsequently rated by the participant. If w in Equations 40-42 and 44-47 varies with the respective perceived magnitudes, these magnitudes must be unequally spaced, and thus, the respective mean ratings must be unequally spaced.
Method
Participants. Thirty-five undergraduate university students participated to fulfill a course requirement. They were not informed about the purpose of the experiment. None had participated in Experiment 1 or 2. There were two sessions, Sessions 1 and 2. Session 1 preceded Session 2.
Stimuli and Procedure for Session 1. The bisection procedure, stimuli, and stimulus presentation and counterbalancing conditions were the same as those used for Session 2 of Experiment 1, with the following exceptions. With the luminances F 1 and F 9 being 5 and 45 cd/m 2 , respectively, the participant made, 12 times consecutively, the bisection defined by Equation 40 (yielding the mean luminance F 5 ), then made, 8 times in random order, each of the bisections defined by Equations 41 and 42 (mean luminances F 3 and F 7 , respectively), then made, 8 times consecutively, the bisection defined by Equation 43 (mean luminance F 5 ), and finally made, 4 times in random order, each of the bisections defined by Equations 44-47 (mean luminances F 2 , F 4 , F 6 , and F 8 , respectively).
Stimuli and Procedure for Session 2. The participant rated the brightnesses produced by the nine luminances F 1 -F 9 . The stimuli and presentation conditions and the procedure for the rating were the same as those used for Session 2 of Group 2 in Experiment 2, with the following exceptions. Stimuli 1 and 2, the end anchors, had luminances of 1.4 and 80 cd/m 2 , respectively. The luminances for Stimulus 3 were F 1 -F 9 . These nine luminances were presented 10 times consecutively, each time in random order. Figure 2 shows mean rated brightness, R, as a function of M 1 -M 9 for 27 participants with by determining n numerically in Stefanini's Equation 50, excluding the trivial solution for n 0. The mean n so found was 0.19. Using Stefanini's equation, Stewart, Fagot, and Eskildsen (1967) found a mean n of 0.17 when the brightness interval used for bisection was about as wide as that considered here. These exponents are close to the mean n of 0.21 obtained for brightness using ratings with a large number of response categories (Marks, 1968) .
Results and Discussion

CONCLUSION
Equations 2-10 and 13-16 describe the bisection operation as being equivalent to a linear mean (Equation 1). In order for a linear mean to actually describe this operation, it is typically believed that the bisections defined by Equations 2-10 must empirically satisfy the bisymmetry condition (Equation 11 ) and that those defined by Equations 13-16 must empirically satisfy Gage's condition (Equation 18). The results of Experiment 1 show that the participants performed bisections that empirically satisfied these conditions. However, it was subsequently demonstrated that the nonlinear means encoded in the weighted Hölder mean (Equation 22 ) also imply the bisymmetry and Gage conditions. This demonstration shows that tests of the bisymmetry and Gage conditions are insufficient to determine which mean adequately describes the actual bisection operation and thus indicates that, at this stage of the inquiry, information external to the bisection operation is needed for this determination. Functional measurement research has provided such external information in the repeated finding that ratings are linear measures of perceived magnitude. This linearity implies that one can rewrite Equations 1 and 22 in terms of ratings, as in Equations 38 and 39, respectively. When the perceived magnitudes delimiting a bisection interval are varied factorially, Equation 38 implies that factorial curves are parallel straight lines, whereas Equation 39 implies that factorial curves are nonlinear and nonparallel. The present experimental results confirm the implications of Equation 38, thus supporting the idea that the bisection operation is equivalent to a linear weighted mean.
